The QCD analysis of the experimental motivated behaviour of the Adler D-function in the Eucledian region is described. It is stressed that taking into account the b-quark mass-dependent α 2 s -effects one can get better agreement of the theoretical predictions with the experimentally motivated behaviour of the D-function at high enough momentum transfered. The more detailed analysis of the considered QCD predictions, which include the information on quark and gluon condensates parameters, can be done after getting more precise e + e − → hadrons data in the energy regions E < M J/Ψ and M J/Ψ < E < 3.6 GeV especially. The relations of the D-function experimental determination to the test of the generalized Crewther relation are outlined.
Introduction.
The process e + e − -annihilation into hadrons is one of the most informative process in elementary particle physics. Over the past several decades special attention has been paid to the detailed theoretical and experimental study of its basic characteristics, and in particular, of the ratio R e + e − (s) = σ tot (e + e − → hadrons)/σ(e + e − → µ + µ − ). As a result, important information about the properties of hadrons and of their constuents (quarks and gluons) were obtained. For example, it allowed to discover in Novovosibirsk the first direct manifestation of ρ 0 -meson in e + e − -collisions [ 1] , to find in the e + e − -collider SPEAR (SLAC) the new resonance, called J/Ψ [ 2] ( the simultaneous independent discovery of this particle was made at BNL as the result of the study of the process p + p → e + e − + X [ 3] ) and confirm almost immediatelly this striking at the moment discovery by rising a bit the energy region, available previously to investigation at the e + e − ADONE collider [ 4] . The observation of Ψ ′ , Ψ ′′ , particles and the interpretation of Ψ-particles as the bound states of cc-quarks (se ee.g. the review [ 5] ) has surved as an incitement to the development of the theory of strong interactions and QCD in particular. It brought up the question of the possibility of finding the signal from the fifth quark in e + e − -annihilation. Moreover, even the nondirect determination of the mass of the sixth t-quark was made from the detailed fits of the experimental data of high-energy e + e − -colliders LEP and SLC at the Z 0 -pole with taking into account the effects of its virtual propagation (for the review see e.g. [ 6] ). Quite impressive, that the outcomes of the fits turned out to be in agreement with the results of Tevatron direct discovery of t-quark.
Among the present theoretical studies of the e + e − -colliders data are the attempts to find the phenomenologically allowed window for the mass of the Standard Model Higgs boson. These studies are based on the combined fits of the data of the high-energy colliders LEP and SLC (for the review see e.g. [ 7] ) with taking ino account the effect of running of the inverse electomagnetic coupling constant from its low energy value α −1 (0) ≈ 137.0356... to M Z . At this reference scale its value was determined using the compilation of the available e + e − -data [ 8] . The result of Ref. [ 8] α −1 (M Z ) = 128.896(90) was recently updated to give α −1 (M Z ) = 128.913(35) [ 9] (for the discussion of the fastly developing situation in this area see the review of Ref. [ 10] and other related works on the subject [ 11] ). Futher estimates of experimental vs theoretical uncertainties to this important quantity are on the agenda.
2. Electron-postron annihilation: experiment vs QCD predictions. From the point of investigated energy regions and physical problems under investigation all past, present and proposed e + e − -colliders can be devided into six groups. We present this classification at material given in Ref. [ 12] by the new information, gained in part from the materials of Ref. [ 13] . All mentioned colliders provide the complementary experimental information about the behaviour of e + e − → hadrons total cross-section at different energies for different luminosities of the machines. Moreover, some important physical problems under investigation necessitates getting more precise experimental data not only at high energies, but in the low and intermediate energy regions aswell. Indeed, the study of the letter regions both by experimental and theoretical methods can provide new more detailed estimates for the real uncertainties of the hadronic vacuum polarization contribution to the value of the effective fine structure constant, namely
Another important characteristic of the e + e − -hadrons process is the introduced in Ref. [ 14] 
which can be related to Eq. (1) as
The study of this quantity has the number of attractive features. Its behaviour was already analysed from experimental points of view some times ago [ 14, 15] . In the recnt work of Ref. [ 16] this problem was reconsidered using the compilation of the available at present most precise e + e − data [ 8] . The results obtained are depicted at Fig.1 and Fig.2 where the shaded areas represent the ±1σ band obtained from the data. 
where the first part is describing the perturbative QCD contributions, while the second term is responsible for taking into account higher-twist effects, which are related to the vacuum condensates of quarks and gluon fields [ 17] . In the work of Ref. [ 16] we were considering the α 2 s massive dependent expression for D P T (Q 2 ), namely
The Born term expression is well known and has the following form
, while m f is the pole quark mass. The analytic massive-dependent expression for D (1) can be obtained from the calculations of Ref. [ 18] , which are in agreement with the results of Ref. [ 19] . Since the massive dependence of the related to D (2) -term three-loop photon vacuum polarization function is not yet known analytically, the detailed information about its small mass expansion [ 20, 21] and heavy mass expansion [ 22] was used in Ref. [ 16] to approximate the behaviour of D (2) in the Eucledian region with high presision using the conformal mapping together with the method of Padé improvement [ 23] . However, the theoretical expression for massive dependence of the double-bubble threeloop vacuum polarization diagram was not included into the theoretical expression for D (2) term in Ref. [ 16] . There are the arguments, which are based on the calculations of the (m 2 /Q 2 )α 2 scorrections [ 20] , that this contribution is small. Let us consider the non-perturbative contributions to D N P (Q 2 ). In Ref. [ 16] the following expression was used 4 . Nevertheless, at Fig.1 and Fig.2 one can see the region, where the addition of the nonperturbative QCD corrections to the threeloop perturbative QCD expression is leading to the deviation from the experimentally allowed region for the D-function at low transfered. It is possible, that taking into account of higher-order power corrections [ 25] might improve the agreement with "experimental data" of Fig.2 at low energies. Moreover, it is of real interest to update the performed in Refs. [ 26, 27] analysis of the low-energy e + e − experimental data with the help of the proposed in Ref. [ 17] Borel sum rule using the new low-energy experimental data, obtained in part in Novosibirsk, mentioned above effects of the perturbative contributions to the coefficients function of quark and gluon condensateseffects of dimension four [ 24] , available from the results of Ref. [ 25] higher-dimension condensates and the information about massless α 3 s contributions to R th (s) [ 28] (for the analysis of the high-energy e + e − experimental data using the finite energy sum rules approach
see the works of Ref. [ 29] ). Concerning the obtained in Ref. [ 16] behaviour of the D (see Fig. 2 ), it is worth to note, that the theoretical analysis of the recent works [ 30, 31] result in describing its low-energy "experimental" tail using completely different ideas, related to the concept of "freezing" of the QCD coupling constant at small energies [ 32, 33] . This ideas have realizations, different from the similar conclusions [ 34] , which are based on application of the PMS approach [ 35] to the four-loop massless theoretical expresion for R e + e − (s). Indeed, it was argued in Ref. [ 36] , that the observed "perturbative" freezing can be spurious one and indicate the asymptotic outburst of the used next-to-nextto-leading PMS expression approximately at the scale of ρ-meson mass. Note, however, that the low-energy results of the fit of the e + e − data for R e + e − (s), performed in Ref. [ 34] with the help of the proposed in Ref. [ 37] sum rule
deserve serious attention (it should be stressed that the low-energy Novosibirsk data of Ref. [ 38] turned out to be essentaial in this analysis). For example, they surved an ingradient in the phenomenological part of the considerations of Ref. [ 39] , devoted to the analysis of "analytical" freezing of the QCD coupling constant α s in the Minkowskian region, and in Ref. [ 40] , devoted to the consideration of the study of the status of the Crewther relation [ 41] and its M S-scheme QCD generalization [ 42] using the "commensurate scale relations" [ 43] (for the reviews see [ 44, 45] [ 46] , by the formula, which contains the zero α s -contribution and the factorized two-loop approximation of the QCD β-function. We will consider this problem in more detail in the next Section.
We now return to the results of Ref. [ 16] . Before discussing the comparision of the three-loop massive theoretical QCD predictions for the Dfunction with the "experimental" behaviour of the D-function at higher transfered momentum it is worth to mention, that in the process of extractions of the "experimental" behaviour of the D-function not all e + e − data up to 40 GeV were applied. Indeed, in Ref. [ 16] the conservative attitude was considered: the real data was replaced by perturbative QCD results in definite regions, but only where it is obviously safe to do so. Thus, in the regions from 4.5 GeV to M Υ and above 12 GeV the perturbative QCD, including massive three-loop results [ 21] and the four-loop QCD contributions in the massless case [ 28] , were used.
The origin of the uncertainties of the obtained in Ref. [ 16] "experimental" curves for the Dfunction are analysed in Table 2 . Their main sources are coming from the region E < M J/Ψ , accessible for more detailed experimental inspection at VEPP-2M and BEPC, and the region M J/Ψ < E < 3.6 GeV , which is the privilege of BEPC, VEPP-4 and the possible future c − τ factory. However, as was shown in Ref. [ 16] , even at the current level of experimental precision one can already get the new information, namely demonstrate the importance of taking into account the two-loop heavyquark mass dependent effects for the description of the obtained in Ref. [ 16] "experimental" dehaviour of the D-function at moderate and high transfered momentum. Indeed, after including them both in the three-loop perturbative part of the D-function and into the two-loop running of the QCD coupling constant α s from the value of α s,MS (M Z ) = 0.120 ± 0.003 to lower energy scales via the developed in Ref. [ 47] variant of momentum subtractions scheme 2 one can observe the appearence of real agreement of the threeloop massive theoretical expression for the Dfunction with the experimentally-motivated Eucledian curves of Fig.1 and Fig.2 . It should be stressed, that if we had not included the threeloop massive term, it would appear, that there is some discrepancy with the "experimental" behaviour of the D-function, which might be treated as the room for the non-perurbative power corrections of Eq.(7). Note, however, that the addition of the twist-4 power corrections can be of real importance in the region of small enough Q 2 . Thus, the deviation of the two-loop curves from the "experimental" corridor for the D-function at high momentum transfered (see Fig.1 ) can be associated with the non-included perturbative QCD contributions only. Another interesting observation, that the cuves of Fig.1 and Fig.2 turned out to be rather smooth [ 16] and have no resonance enhancements and "threshold steps", typical to the Minkowskian region. In view of this we think that the possible future applications and improvements of the obtained in Ref. [ 16] results can be useful for more detailed tests of perturbative and non-perturbative theoretical QCD predictions in the Eucledian region. One of the example of such applications in presented in the next Section.
3. New tests of the generalized Crewther relation. It is known, that the Crewther relation [ 41] is connecting the amplitude of π 0 → γγ decay with the product of the e + e − annihilation Dfinction and deep-inelastic scattering sum rules, namely with Bjorken sum rule of polarized leptonnucleon scattering
or with the Gros-Llewellyn Smith sum rule of νN deep-inelastic scattering (12) where the analytical massless perturbative theory expression for the D(Q 2 )-function is known at the α 3 s -level [ 28] , while the massless analytical perturbative theory expressions for C Bjp (Q 2 ) and C GLS (Q 2 ) up to α 3 s -corrections are known from the calcultaions of Ref. [ 46] . It should be stressed that all the quantities we will be interested in are defined in the Eucledian region and all the results were obtained in the M S-scheme. In this scheme the discovered in Ref. [ 42] 
where C D (α s (Q 2 )) is normalized to unity coefficient function for the Adler D-function, β (2) (α s ) is the two-loop approximation of the QCD β-function and P (α s ) is the polynom which is starting from α s and is containing two terms. It was discussed in Refs. [ 42, 49] that the factorization of the β-function will have general feature, will be valid in all perturbative orders and can be related to the effects of violation of the conformal symmetry in massless QCD. This fact was regorously prooved in Ref. [ 50] . The theoretical properties of the generalized relation, written down in the M S-scheme, were discussed in detail in Refs. [ 42, 44, 50] and we will avoid their description in this work. However, we will consentrate ourselves on some phenomenological applications. It is rather useful to use for this purpose the "commensurate scale relations" [ 43] , which are allowing to combine the concepte of the effectivecharges [ 51] (or scheme-invariant perturbation theory [ 52] ) and the variants of the BLM approach [ 53, 54] to write down the following generalization of the Crewther relation [ 40] in the region where the heavy-quark masses can be neglected: As the probe physical result we will first use the recently obtained value of the Gross-Llewellyn Smith sum rule [ 55] GLS(12.59 GeV 2 ) = 2.80 ± 0.13 ± 0.17 (16) which does not contradict to the less presise similar results, obtained using the extrapolation of the data [ 56] . Using the results of Ref. [ 57] we conclude, that at this energy region f = 4 numbers of flavours are manifesting themselves. Moreover, since for this transfered momentum Q 2 * = 12.59 GeV 2 we will neglect c-quark mass effects, which are dampted by the factor m 2 c /Q 2 * < 0.19, we conclude that the value of the corresponding effective charge is
= 0.067 ± 0.043 ± 0.06 where the first (second) error is related to the statistical (systematical) uncertainty of the experimental result of Eq.(16). Using Eqs. (14)- (17) one can get the following estimate
which is crossing the "experimentally" motivated curve of Fig.1 at this reference scale. The similar fact is observed in the case of the analogous treatement of the experimental result of SMC collaboration for the polarized Bjorken sum rule [ 58] , which is
As the result of application of some discusions of Ref. [ 59] and the presented above considerations, we obtain the following estimate for the D-function D(Q = 9.8 GeV ) = 3.59 +0.35 −0.45 (20) which are also in agreement with the "experimentally" motivated Eucledian results of Ref. [ 16] , but with larger errors.
Of course, our considerations are not so detailed, as the ones, given in Ref. [ 60] , where the expression for the value of the coupling constant α s was extracted from the Bjorken sum rule data (for earlier discussion of this problem see Ref. [ 61] ). However, we believe, that even approximate tests of the generalized Crewther relation, written down in the form of "commensurate scale relations" of Ref. [ 40] directly in the Eucledian region is giving us the feeling, that the estimates obtained from the deep-inelastic sum rule are less presise than the direct extraction of the behaviour of D-function in the Eucledian region. This, in its turn, might mean that the more detailed measurements and theoretical analysis of the deep-inelastic sum rules are really wellcomed.
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